E[AX +b] = E[X]-l—b,E[X—l—Y]:IEX]—l—E[ LifX1Y : S = (0;,2XTX + 5, )_I,M'E(E_,u +0,2XTy) = dyap
E[XYT] = E[X]E[Y]", E[X]Y = y] ‘TpX \Y( y)dx by the propertles Gaussmns closed form prpedrctlve posterlor
L R e e

ovid, ¥ |= 3 O tlmal actlon for iven cost function C ,a): a*
o Gl e ot e o

= , , = r
P oyl _QaCOVX y} cymax(y—a 0)+02 max(a—y,0): py x_o+0oyx® ' (c1/(c1+¢p))

AVar[X]A Var[X +Y] = Var[X] + Var%#

Var[X|Y] = E[(X — E[X |Y])(X E[X|Y] 4 Function-space view and non-linear regression

Var[X] = Ey [Var x[X|Y]] + Vary [E[X|Y]] Given desi r1 matrrx P € R™*° from werghts r10r we get:
C.of variable: X with density py and drff able and invertible f 2| X ~ T nxfI;Var w]® ) N (0 U o ) where
function: then Y = g(X), py (y) = px (¢~ (1)) - ‘det(Dg_l(y))’ o,o® K €ER is the kernel matrix (n x n instead of e X e).

o?) = 1 xp(— Y o2 5G ian P
N(w.,u, >; ﬁzmﬂe pn( ((z —p) )/(21 ) . fwag‘;ﬁ(s;a,g fol;o:neyszstsAi{xl,m’xm}gX, Fa~ N, Ko
N 2) = 1/ (VR 4etl®)) exp( 5o = 05w = 1) 7 prlar o M), ko, 2), 02 ~ N (u(a"), ba®, 2*) + %)
log V(; 4, ) = —(1/2)a"S™ @ + pi” X"z + const For f ~ GP(u, k) can define g(x)=f(2)—u(z), g ~ GP(0, k).

Gaussians are independent <> their Cov = 0. For index sets A, B: .1 write Jomt prior distribution of yy.,,, and f* at a test point *
NN(NAaZAA) and X, | Xp ==, NN(NAleZA\B) where 55 [y f*] | z*, 2., ~ N(u, K), where

pap = ta+SapZpsCs — 1p) Zap = Zaa — ZapZpsTE4 ]f{ = {K"if” T Fkara kL, = [k(z, 2y), ..., k(z, z,)]
AX +b ~ N(Ap+ b, ADAT), X = EI/QY—i—uforY ~NOD ) b ) i

X and X’ indpendent GRVs then X + X’ ~ % +3) Conditioning onyy, yields: f | 21,381, ~ GP(W', k) where

For jointly Gaussian RVs X 4, X, 1ndependent €~ /\/10 EA‘B w(z) = p(z) + k:c A(Kaqa+02I) (ya - fa)

X, =AXg+bt+efor A=Y, 5 gh,and b= u, — X, 5 5505 k(:c:v)—k(x:c) kxA(KAA"‘UI) Ky a

(Jensen’s): convex function g:R— R, (e.g. S[u]) g(E[X]) < E[g(X)] Adding noise: y* | 2*, zy.,,, 1., ~ N (z*), K (2%, 2*) + ay)
S[u] = —]()g(u)7 H[p] =K [S[p(x)]] = Ez [— logp(;[;)] 6 Kernel functlons

1;~p . ’ ’ ’

H =E__|[S =E__ [-1 ’ + KL - Symmetric: k(z,2") = k(z’, z) for any z,2’ € X

KIEqu] oy pSla@)l] = B, [~ logg(z)] = Hlp] (p||q) « Positive semi-definite: K 4 4 is positive semi-def for any A C X
(pllg)= ] Fact: a matrix is positive (semi-)definite < A;>(>) 0 and det(

H(p|q]—HIp|=E,_,[S[a(8)] — S[p(6)]]=E,., [log G f

(Gibb’s): KL(plq) > 0, KLﬁpllq) —0ep = qas., KL(p|g)£KL{g
H[X

p) 1. \; = a matrix is positive (semi-)definite only ifdet(A) > (2; 0.

| Y =y = Eypiapy [~ logp(z]y)), k zv,x’ =ky(z,2") + ky(z,2") and k(z, z") = ky(z, 2" ) ko (x, ")
HX |Y]=E, o [HIX | Y =9y]] = E(, ) py [~ logply)] k(z,z’)=c" (x z) for any ¢ > 0 “output scale”
H[X, Y] =Eq ) p(oy|—logp(z,y)] k(z,z") = f(k, (a: z’)) for f = exp or any pos. coeff. polynomial
HIX,Y]|=H[Y]|+ H[X | Y] =H[X]+ H[Y | X] = H[Y,X] : stationary: k(z — z’) =k(z, ") « isotropic: k(|x — z'|) = k(z,z")
Bayes’ rule for entropy: H[X | Y] = H[Y | X] + H[X] — H[Y] Isot opy = stationarity, in Iffl(::i(dlllehto Sﬁmmetlx of kernel.
“Information never hurts” principle: H[ X | Y] < H[X] aximum marglna 1kelithoo ln(';’ regr;ass}l()n
O<IOGY)ZHIX] HIX | YI=HIXJHY]~ HIX Y] = 13 X) - arg maxy —3 log 27 — 3 logdet (K" ) — 3y™ (K, "y
I Y|2)=HX|Z] - HIX|Y, Z1=1(Y; X|2)=1(X;Y, 2)~1(X: 20 10g p(y, | 2,.1.,6) = } ;tr (aa? 7K759))3;§)§,> o = K7y

0.1 Information theoretlc quantities about Gauss1ans
Entropy HN (1, X)] = 3 log det(2meX) = 1 log((2me)? det(E))
KLp = N(up, Zp) and q = N(uq, Py ) then KL(p|q) =

L(tr(Z52) + (1 — 1) 20 (1 — 1) — d + log S:g,ig)

MI. Let X ~ N (p,X) and Y = X + ¢ where € ~ N (0,021) then:
I(X;Y) =1(Y; X) = H[Y] — H[e| = 1/2log(det(0,°2 + 1)) 7.0.1 Laplace for Bayesian Logistic Regression
1 Linear regression point estimates o(z) = 1/(1 4 exp(—2)) € (0,1), where z = w”z, ie.
y;=w*Tz, + ¢, where ¢; ~ N(0,02) < vy, | z;,w ~ N(wTz;,02) p(y | )_{(sz) if y=1
by = argmingepa 337, N 1”}/ wa? Bayeszan logistic regression = BLR withy | z,w ~ Bern(o(wa))
U = ATEMiNgee — 2y logp(yile;, 6) = dys=(X"X) “XTy & = argmin,, gz [w]3 + 327, log(1 + exp(—ywTx;))) =
Wyigge = BTG MIN,,cpa |y — Xw|3 + Mw|3 = (XTX + X)) XTy regularized logistic regression (log( + exp( ywlaz,)) =
Wypap = Arg max,,cga 1ogp(ys., | xl i w) + log p(w) loss) = can use SGD: 0, + 0, —n, L S Vel(0yx;

= argmin,cga |y — Xw|3 +

In general non-convex, might have multiple local optima.
aplace Approxrmatlon

(9 ly) ~q(0) =
A=-H, w(0) = —H, logp(6 | T Y1:m)| g is Bbtained by

—~

second-order Taylor of ¥(6) = logp(6 | z,.,,, yy.,,) around 6.

1-o(wTz) if y=—1 :U<y wa)

2
(y; —w'=;)” = argmin,,cpa

logistic

02 ”w”2 - wrrdge

Given o, f* = w7 z* and y* —f*—l—sy ~ N (f*,021).
2 Bayesian hnear regression (probablllstlc lnference)
fw~N (,up,

A= *H logp(w | L1:n> Y1: n)‘w T U 2I+X dlagze n]{ﬂ-z(l
T (Y = 1 | @, ;). Making predictions:

where 7, —cr(w as)
o) W | Ty Y1 ~ N (1, B) where P | T Yrn) ~ [ Dy | 2%, w)gy (w)dw = [ a(y* f*) -

Oriap = argming 55|03 + 3 357, |log fo2(;;

N(O 0,A~ 1) where § = argmax p(6 | y) andy (9|, vy,

w—w(1-2Xn,)+n,yzo(—yw' z) as V0, (w”z; y):—ymo(—wax)HJ 1 45(0;1%;) where q;(6;1A;) = pdy (6;) + (1 —
)}Xp( ‘.’17 1’1 n?ylzn)

N(f*5@Tz*, 2*TA=1z*)d f* can be approximated by num.
quadrature methods s.a. Gauss-Hermite quadrature.
8 Variational inference

q* = arg mlnqeg KL(q | p) = argmin, KL(qA | p)
. forward KL(p||q) q conservative of uncertainty and “includes” p)
« reverse KL(q|p) (¢ underestimates uncertainty, “excluding” q)

In V.I KL(Q)\”p( | xl.n7y1.n)) logp(yln | ml.n) _‘C(qAap7Dn)
L(qx,p;D,) = Egoy, [logp(0,y1.0 | 71.0)] + Hqy)
= IEBNqA [logp(ylzn | xl:n79)] - KL(Q)\”p(a)) < prior over 0
Evidence = const. w.r.t. ¢ = min KL = max ELBO.
VaL(qx,p; Dp) = ViEg g [log p(y1. | @1.0,0)] — VAKL(g|p())

KL and its gradient can typically be computed exactly. For V of
exp. log-likelihood: score gradients / reparametrization trick.
8.1 Reparametrization trick

Given € ~ ¢ independent of A + diff.able and 1nvert1ble function g
parameterized by A\. We let @ = g(¢; \). Thene = g 1(; \), and

0~ q(-| \) = q\(0) = p(c) - |det(D_g(e; A))|
For ‘%ice” functqi)(\)n f hOldS ~qy [f(a)g] €: E..olf(g(e5 )]

As ¢ doesn’t depend on A: VAE(%q [f(0)] = E. 4[VAf(g(e;

8.2 Reparametrization for Gaussmns
q,(0) = ./\f(9 1, 3) = 0 = g(g;\) = Ce + p where CCT =

e=yg ' (0;)) = C7H(0 — p) and ¢() = q,(0) - [det(C )|
8.3 Black Box Stochastic Variational Inference
)\L(qxap; Dn = )\IEGN(;(A logp(yltn ‘ xl:naa)] - v)\KL(q)\||p())
N Zm VC L logp(yz | xz 708 ) + lj‘) - VC,MKL(qC,u”p('))
where E( NS N(0,1) and i ijr~ $ Unif([n)).
9 Bayesian Deep Learnlng 0 ~ N(O 02])
Homoscedastic likelihood: y|z, 8 ~ N'(f(z;0), 0
Byap = argmaxy logp(6) + 327 log p(y;l;. 0
= argminy %”9”% + oz o (i — flag; 6))* = Ridge MSE
Heteroscedastic likelihood y|z, 0 ~ N(f# (2;0), f,2(x;0))
(yi*f#(zﬁa))Z
0) + f 2(33119)

can attribute some loss to large variance (aleatoric uncertainty). To
model epistemic uncertarnty too, perform robabilistic inference:

P12 Ty Y1) = [ D027, 0)p(B]2 10, 1., ) O
= <p(0) H,L 1p yz"rz:e))/fp ,1p(yz|xia0)d0

M)

2), then

Compute Varlatlonal posterror p(0]z ) R q)\ =q(- g A) and
P, 21 1) = J B0l 0)a ) = Fa 1 12%0)
~ S N f (l‘ 9 ") fo (z*,oﬁ)) 0% gy

Can estimate: E[y*[2*, ..., y1.,] ® > (w 0 ) (")
Vot o) = By oy 471 Vot i b ]
%%Z:’ilfa"‘(m*ve )+Ezi:1( #(x ’9 )_ (1‘*))2

9.0.1 Monte Carlo Dropout / Dropout regularization
Dropout = variational inference with variational posterior g(8|\) =

)3y, (6;)
Egq, [P(y*|2*,0)] ~ . 357 p(y*la*,0%))

where 6¢%) is a NN with weights \, each set to 0 with probability p.



9.0.2 Stochastic weight averaging (SWA)

[0(1>,.. oM T 1ter of SGD, approx posterlor q(0)~N (p11.4,10%.4)
=Ty 07 and 0? = 1/T T (6] — ;)2

9 0 3 Probabilistic ensembles

Sample m D uniformly from D, for each obtain MAP estrrnate e >, 12 1 Forward (noisin
x, = data, we want z to %)

> p(ytlar, 09)
[(j —1)/m,j/m]Vi € B;.

approxrmate posterior: p(y*|z*, 1., Y1.n,)

9.1 Calibration

Split D, = B, U...UB,,
Acc; = 1/|B; |Z ieB, Jl{yZ
freqj—l/’B 1>, ieB, ]l{yl = 1}, conf; = 1/|B ’2163 p(yZ
Calibrated < p(§ = y|p = p) = p, i.e. Acc;~Conf; or freq;
ECE: weighted (on |B |) avg of |Acc(freq)—C(c)
10 Active learnmg find SC D max1mlzlng 1nfo gain

1(8) = I(fs;ys) = H[fs] — H[fs | ys] = 3 logdet(I + 0,2 Ky)
Theorem: I(S) is monotone submodular:

marginal gain: Ap(z | A) = F(AU{z}) —

s.t.p; €

F(A). Given ACBCX

Theorem: greedily maximizing monotone submodular F' yields
constant-factor approx.: FI(S,,) > (1 — 1) maxgcy, 1S/= I*X(S)
10.1 Uncertainty sampling for S = 4 &y
T, =argmax A;(z | S,) = argmax 3 log(1 —|—ot( )/02)
where 02(x) is predicted variance of the GP conditioned on yg, .
Homoscedastic noise — arg max o2 () “uncertainty sampling”.
Heteroscedastic noise — arg max o2 (z)/02 (z).
10.2 Active learning for classification BALD)
Uncertainty sampling: x,,; = argmax .y Hy, | Z1., Y1./]
Mutual information dlstlngulshes between aleatoric and epistemic:
Ty = argmaxgey 1(y,30 [ 2,21, Y1,

H(y, | 0,2)

= arg maXzEX H(ym | Ty T4 Y1: t) EQ\wl Y1t
1. looks for points where different models predict different labels
2. penalizes Eomts where models are not confident
= points x where the models disagree. Requires approx. posterior.
11 Bayesian optimization
Find argmax,.p f*(z) choosing z, ...,z € D and observing
= f*(x,) + €, Cumulative regret for time horizon T
RT Zt:l(max fH(@)—f*(2,))= Tmax, f*(x) — | f*(x,)
GOAL:limy_,  R;/T=0 = hrnT_>OO max, f(z,) = f(z*)
11.1 Upper conﬁdence sampling (optimism
Maximize upper confidence bound x,= arg maxy, ,(z)+6,0,_1 ().
Non-convex, can use Lipschitz-optimization (low- Df or gradient
ascent (hlgh D). /3, scales confidence bounds to enclose f*:
Theorem if f* ~ GP, and we choose 3, correctly, UCB yields

Ry /T = O* (\/"yT/T) where yp = maxgcy sj<r {(fs;ys)- This
means that if v is sublinear in 7', we achieve sublinear regret:
Linear ker: y,=0(d log T), Gaussian kernel: y;,=O((log 7))
Matérn kernel (v > 1): vy = O(Tﬁid (log T)%), Independent
kernel: v, linear in T'. “Smoother” f = more diminishing returns.
Theorem (frequentist confidence intervals) assuming f* € H, (X)
Rp/T = 0 (/(Bryr)/T) where By = O(|f*], + 7 log° T)
B, depends on 7, and on “complexity” of f* (its norm in H(X)).
11.2 Thompson sampling

441 € argmax,p f(x), where f ~ p(f

12 Diffusion Generative Models
Markov chain is a stochastic process with: « a prior p(X;)

| T1.¢, Y1) sampled.

« transition probabilities p(X,,,|X,) with Markov property:
XL XX, = p(Xyp) =

Xy — X

i.€e.

p(Xy) Ht 1p( 1 | Xp)
Under conditions like ergodicity, over time the probability of being

in state x hecomes constant and equals the stationary distribution
hmtﬂoo p(X

process
e Gaussian noise. Forward process is:

) = Poo (X' = ).

q(x1.p|wo)= Hf lq(wtlwt 1)s (@l 1)_N(Ita\/_mt—17/8t )

1|z;) where @, =

y;}, Conf; = 1/|B;| > ieB, D; OR—> t-step marginal: q(z,|z,) =

I,

ie x, + Jo,x,_ | +¢, wherea, =1 —

(act, Vo xg, (1 —ay)l
a,. Schedule 8, €
~conf increasing, 1mply1ng o, — 0and X —> N(0,1) for T — oo.

7" 12.2 Backward (denoisin
A parameterized MC from p /\F

By, € NN( s B

;1) to be monotonically

process
) =N(0, ) to data. Notation:

o prior py (zq.7) * likelihood py (zy|z1.7) * posterlorp/\(xl_T\xO)

by Markov property: py(zg.1)
transition prob: p,(z,_,|z;)
submodular: Ap(z | A) > Ap(x | B) | monotone: F(A) < F(B)  Want to maximize data evidence log py ()

= px(27) Hthl pa(@y_q|zy)
= N(xtfl; MA(xta t)a 2)\ (wtv t))
= logfp,\(fﬁo;T)dml:T

ELBO: can be shown that for distributions p, (z, z) and gy(z, 2):

logp,(z)
L0, N\ z) =

= L0, A7) + KL(gp (- [2)[px (- [2))
IEZNQG("IE) [logp)\ <$7 Z) -

log gy (2|)]

T =2y, 2 = Ti.7, Py is the backward m. gy = q is the forward.

const —
w.r.t. A

c—>."

t=2,

Then: L(\;zy) =

Emr 7~aq(|zo) [lng)\ (xO:T) -
Et 2 Ew1 7~q(-|zg) 10g
E [KL(q( i 7)lps o)+ E logps (aol )

(z4_1|24,%0)
PINEIEN)

log g(zy.7|z0)] =
+log py (z]7,)| =

Maxim. the ELBO minim. terms L,, i.e. forcing the backward

Let L,(zy) = E,
q(xy_1|wy, o) =N
px(wt—lmt)

process py (z;_q|x,) to match reverse forward process q(- |x;, z,).
2 o~qlzg) DA (- 24, 20 ) [PA (- [2))):

Zwt 15 iy (@4, @), By (g, @) ) for some puy, B,
=N(z,_q; p,)\(xt, t), Xy (z,, 1)) is also gaussmn

KL (N (11, 03 1) N (11, 051)) 0 1/ (207 )Ilug p||” + const

Set constant variance schedule

Ly(z)

fiy (4, T0) = 2 (
Non-stationary, learn noise instead, as z, =
where ¢ ~ N(0, I) Then, can learn to predict €, (x,, t) instead:

= mrimEenon e = (Ve + VI=a, ).

(T

0)

a,0,)/(1

A (mta 3
= EmLNquO) [ﬁ”/“b\ (xb t)
)y (z,,t) is learned approximator of reverse forward process mean

—o,) + xt(\/a_t(l -

= 07 ] and get:

fiy(z,, z)| + const|, where

G 4))/(1—

o,z + /1 — e

Can be optimized via SGD by computing the gradient w.r.t A,
Sampling: z, ;= 1/,/& (mt (1

at)/(

12.3 Uncertainty quantlﬁcatlon

Instead of point estimate A = MLE(D) set: « prior p(\)

« approx posterlor qS)\|

p(zo|D) ~ fp To|A

13 Markov Decision Processes

D) ~

p(A|D) « predictive posterior

()\|D)d)\. Then filter hallucinations by
rejecting points with high uncertainty H (p(- | D)).

r induces sequence R, = r(X,, A,), we usuallgomaxrmlze infinite

horizon dlscounted payoﬁ from time t: G, = 3~

)

/|1_

(

Xﬂ'

t+1 —

m
Rt+m

) 1nduces aMC w1th transitions:

‘Xt = 5’3)

2 gea Tlalz)p(a’ |z, a)

*

@)

e Ex(xtat))‘i“at

Jy(m) = Eﬂ'[Gt] E[ (X, m(X)) + ’YT(Xt+1a7T(Xt+1)) + ]
Vi'(z)=J(r | Xy =) = Eth t =T
QF (@, 0)=J (x| Xy=r, Ag=a)=r(z,a)+7 3 p(s'|z.a) - V,(=')

In stationary MDP, Bellman Expectatlon z’eX E uation holds:
Ve (@)=r(a, (@)} +7 B [V7(@')], @ ()= r(a.a) 7 E [V7(a')
Thanks to Bellman: V™ =" +4T"V"™ = V" = (I —AT™) 7
Can also use contraction (Elk < 1s.t.||f( ) —fy)] < k||:c —yl)
BT :R™ = R", B"™v =r" ++T™v B", by Banach fixed point
theorem, any contraction has a unique fixed point, which can be
recovered via fixed point iteration exponentlallf’fast

13.1 Policy optimization in known MD

Bellman’s theorem: * optimal <> greedy wrt. its induced value f.:

= ari;ernqax [r(:c a)+v>_  p( |z, a) V™ (z )]— f:xrg;rrfllaxc,)’r (z,a)
V™ (x) zmaX[r z,a)+7)_ ,p(z’|z, a) V™ (z )]— rnauxQ7T (z,a)

Policy iteration: Start with random 7. At each 1terat10n compute
V7™ and set 7 <— my,~. Guaranteed to monotonically i 1mprove

V7ei(z) > V7 ()Y, and either Iz € X | V™1 (z) > V™ (x) or
V™ = V*. Finite MDPs: exact optimum 7* in o (’{fg iterations.

Value iteration: Start with VO( )=max,7(z a) at each iteration
V; (x)=max Qm: a)=max,r(z,a)+7Y. P2’ |z,a)V,_(z')
Stop when |V, — V;_;|_ <, then choose greedy policy w.r.t. V.
Converge pohnomlall only to e-optimal policy, a totically to
7* as Bellman upate 5*V, =V, is contraction angVEr is fixed p.
. pohcy iteration: requires policy evaluation at every iteration

« value iteration: for every state x, loop over actions a and
reachable states z’ — O(n - m - s) where s is sparsity coefficient

14 Reinforcement learnlng (bas1c algos)
R, initialize #(z,a) = R, p(z*|z, a) = 1 where z* is a “fairy-
tale state” s.t.VA p( *|z*, al;‘ =1 and #(z*,a) = R,,. Follow
optimal policy for # and p, after “enough” transmons, recompute .
Lemma: every T' timesteps, w.h.p. R, . either obtains near-
Irl);umal reward or visits at least one unknown state-action pair.
eorem: with probability > 1 — 4, R reaches an e-optimal
policy in step poly(|X|, |A], T, 1/e, loglzjl/ R, .x) steps.
TD-Learning V7™ (x) + (1—at)V7r( )—I—at(r—i—'yV”( /))
a, sf RM and all sa pairs chosen infinitely often=-converges to V.
Off-p val. est. Q™ (z, a)«(1— o) Q™ (x, a)+a, (r+yQ™ (2 /w(z')))
a; st RM and all sa pairs chosen infinitely often=-converges to Q.
Q-learningQ* (z, a)«(1—a,)Q*(, a)+a, (r—l—’ymax Q*(xya ))
a; sf RM and all sa pairs chosen infinitely often=-converges to Q.
Optimistic Q-learning initialize Q* (z, a) = 11{1“2; HtT“{ (1—ay)”
With Pr >1—4, obtains an e- optlma Tpohcy after a number of steps
poly(|X|,[A], 1/5 log(1/8), Ryyax)- Tinit has similar upper bound.
Score grad. V,.J (9)—V9 T~y [90 7]=Ern1,[90.7 Vg log 11y (7)]
W/ s.dependent baselines: —E (G0 —b(T0.4-1)) Vg log Iy (7)]
ON/OFF policy Model based: « V/P iteration ¢ Ry.x « Model

ode
Predictive Control (RH/MPC) « Random Shooting Methods « PETS
(Probabilistic Ensembles Trajectory Sampling) « LAMBDA « H-
UCRL . PBVI/PBPI (Point Based V/P Iteration) Model free: « TD-
Learning « (Optimistic) %Learnmg DON Dee(p: Q-Network)

« Double DON « REINFORCE « Actor-Critic (A2 ASC) GAE/
GAAC « TRPO (Trust Region Policy Optlmlzatlon « PPO (Proximal
Policy Optimization) « DDPG (Deep Deterministic Policy
Gradients) « TD3 (Twin Delayed DDPG) « SAC (Soft Actor-Critic)

« MPO (Maximum a posteriori Polul::y E)tlmlsatlon) « SVG
(Stochastic Value Gradients) « RLHF (RL from Human Feedback)
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