1 Preliminaries
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Convex set S:z,y € S, € [0,1]]= Xz +(1—- ANy e S.

Convexf f: S — R, S convex: Vz,y € S, X € [0,1]
fOz+ (1= Ny) <Af(x) + (1= A)f(y)

strictly convex if < for z # y, A € (0, 1).

f is Concave iff —f convex.

f € C?%: convex iff f” > 0; f” > 0 = strictly convex.

log strictly concave, z log z strictly convex on (0, c0).

Jensen (1) f convex = f(E[X]) < E[f(X)] (> if
concave). If strictly convex, eq. iff X constant a.s.

2 Source coding

Kleene star A*: all finite sequences over A, incl. null.
(Bin.) source code ¢ : Y — {0, 1}*, we assume || > 1.
Injective if u # v = c(u) # c(v).
Code product (¢’ x ¢”)(u',u”) = ' (u")c" (u”)
c"=cXx..Xc

c*(u™) = c"(u™)Vn
Uniquely decodable (UD) if ¢* injective.
Prefix-free (PF) if u # v = ¢(u) is not a prefix of ¢(v)
(instantaneously decodable; codewords are leaves).

PF = UD (converse false, e.g. {0,01,11}). PF C UD C Inj.

2.1 KraftSums

(2) KraftSum(c) = Zu 9—len c(u)

(3) If ¢ injective = KS(c) < log,(1 + |U]).
KS(c' x ¢”) = KS(c’) KS(c”).

KS(c™) = KS(c)", which together with (2) and (3) means
(4) ¢ UD = KS(¢) <1
> 24w < 1 = IPF ¢ with len c(u) = £(u).

By the above and (4), ¢ UD = 3 PF ¢’ with same lengths.

2.2 Expected codeword length

(5)E[len ¢(U)] > H(U log% ), with equality iff
Id > 0 s.t. p(u) = d 2 len efu) Tt results that d = KSl(c)
cinj. = E[len ¢(U)] > H(U) — log, log, (1 + |[U]). This
follows from (5) and (3).

(6) c UD = E[len c(U)] > H(U), eq. iff p(u) = 27l e(w),
(7) 3PF c: Eflen ¢(U)] < H(U) 41 ((u) = [logy 51 ]).
3PFc, onU™ LH(U™) < LE[len] < 2H(U™) + 1, by
(6) and (7) applied to U™.

¢, inj. = 1E[len] > LH(U") —
(logy n)/n).

2.3 Optimal prefix free code

Problem: find integers {¢(u),u € U } with 27t <1

minimizing Zup(u)é( u). Le. find q(u) € {1, é, 1, }

with 37 ¢(u) < 1 minimizing 3 p(u )log2 70+ Relaxing

to g(u) € [0, 1] gives optimum ¢ = p with value H(U).

Let ¢ be an optimal PF code with lengths ¢(u). Then:

1. p(u) > p(v) = L(u) < £(v).

2. In the binary tree of ¢, each node is either a codeword
or has exactly 2 children.

3. There are > 2 longest codewords (as |U/| > 1).

3 optimal PF code with 2 least likely letters are siblings.

%logz logy (1 + [U|™) (~

Huffman(U, p) |U| = k > 2, returns prefix free ¢

1 if k = 2 then

2 | e(uy) « 0,c(uy) <1

3 | returnc

4 find permutation 7 s.t. p(Ur (1)) = oo 2= P(Ur(s))

5 a4 Up(p_1)>V b ¢ Uy, create dummy symbol w ¢ U

U +—U\{a,b} U{w}

: p(z)
P@ = {0 a0
¢ < Huffman(U’, p’)
¢ (u) ifu
¢/ (w) || 0
¢ (w) |1

[=)

ifx #+w
ifr=w

~

o]

¢ {a,b}
ifu=a
ifu=">5

O

c(u)

10 return c

Huffman is optimal. Optimal codes aren’t unique (even
lengths may differ).

3 Information measures

3.1 Entropy

H(U) =3, p(u)log 3,
H(U)>0,eq.iftU determlmstlc.
H(U) < log,

HWU,V)= Zu

Log-sum inequality a,

o) where 0log % 5 =0.

, eq. iff U uniform.
1
p(u, v)logy rs-
b EO,A:Zal,B:Zbl

[ ' A
log =% > =
;az log = AlogB

eq.iffa;/A =b;/BVi.(0log 2 =0if B+#0, Alog 4 =
+o0 if A # 0, by continuity).
®)H(U,V)<H{U)+ H(V), eq iffu LV.
HV|U) = Z p(u v) 10g2 p('y‘ y =
S, p(u) ¥, ploju) logy =1 — 3. p(w) H(VIU = u).
Chain rule (9) H(U,V) = H(U) + H(V|U)
Um) =) H(U; | U
H(V|U) < H(V),eq.iff U L V; follows from (9) and (8).
I(U;V)=H{U)+ H(V)—H(U,V) > 0, with equality
ift U L V (from (8)); symmetric quantity.
I(U;V)=H(V)—H(V|U)=H(U)— H(U|V).
I(U,VIW)=H({U\W)—-HU|V,W)
=H(\V|W)—-H(V|U,W),
I(U,VIW)>0,eq.if U LV | W.
From the above follows that H(U|W) > H(U|W, V).
From (9) follows I(U™; VW) = Zl I(U; VU=, W),
Fact: conditioning can increase MI: X @Y @& Z = 0
uniform = I(X;Y) =0< I(X;Y|Z) = 1.
Data processing inequality X — Y — Z Markov
(p(zlz, y) = p(2ly) = I(X; Z) < I(X;Y). P
I(X;Y,2)=I(X; 2)+ [(X;Y|Z) = [(X;Y) +
I(X;Z]Y),and I(X;Y|Z) > 0.
——
Binary entropy h,(a) = alog, 1 + (1 — a)log, 12=;
symmetric around 1/2, h,(0) = hy(1) =0, hy(1/2) =1,
hy(0.11) ~ 1/2, concave.



Let o € [0, 1], then

H(pys o Pr1, Pr (1 — @) = H(py, o p) + proha(e)

Simplex S, = {(3:1, ey Ty) € RF > T =1z >

0 Vi}; convex. With |U| = k, py € ;.

H is concave on the simplex Sy, i.e. Vp,q € S, A € [0,1]:
AH(p) + (1 =N H(q) < H(Ap + (1= A)q)

Let g(pU’pV\U =I(U;V),(U,V) ~pyy. VA € [0,1]:

. ﬁxede|U,g HPviu

« fixed py, 9(py, ) is convex

Entropy rate A = lim,, 2 H(U™) (if exists).

iid. H = H(U,).

Markov p(u,, | u™*

is concave

) =Dty | Uy 1); Uy —Up —
Uppn) ~ U™ Vi, n.

(10) Cesaro mean «,, — o = %an
Stationary = H =lim 1 H(U") = lim H(U, | U™ ")
(both exist; latter decreasing) Can be proven with (10).
KL D(q|p) = Zu q(u )log2 p(u) ; not symmetric.
I(U;V) = D(pyy | pupy)-

f-div. f : R, — RU {+o0} convex, f(1) = 0, strictly
convex at 1: Dy(g[p) = >_ p(u)f ( alu )> TV: f =
X f=22—1

KL is the f-div. with f(z) = zlog, z.

For any f-divergence D;(q|p) > 0,=0iffp = ¢.

Stationary (U, 4, ...,
a; = a.

4 Universal compression

Suppose optimal code for g, but true probability is p:
Ellen] = = p(u)log, ;55 = H(p) + D(plq).
Minimax redundancy R*(P) = min, max,.p D(pl|q).
(

pw)

Pointwise regret R*(P) = min, max,.p max, log,

q(u)’
Clearly R* > R*.
ShtarkovSum(P) = Zu max,cp p(u)
R*(P) = logy SS(P), ¢*(u) = max, p(u)/SS(P)
LetU = {0,1}", P, = {py | py(u”) = 65 (1 — 0)" ¥} the

class of iid Bernoulli on {0, 1}", where k = ||u™|;. Then:
R*(P,) < logy(n+1)

Designing a code under ¢* in this scenario yields:
1
len c(u™) — — ") <...<14logy(n+1)

< 9gnhy(k/n)

logy —

Po
It can be shown that (}) <

In this scenario, we can define a coding scheme that: sends
k, then index among (7): < len c(u™) <
2+ logy(n+1)

n k
[logy(1+n)] + [logg(kﬂ < hy (ﬁ) + -
4.1 FSM compressors and Lempel-Ziv

Lempel-Ziv(U,u = uquqy-+) assumes u; € U

110, D+ U
2 loop

w

assign [log,|D|] bit representation to each w € D

4 | find w € D which is the longest prefix of u, u, 5
5 | send the binary representation of w

6 D+ D\{w}U{wa|aecl}

7 | i< i+ length(w)

A FSM compressor has finite states S, starting state s. If
we are in state s € S and read letter u € U, next-state
function next_state : § X Y — S, and output function
output : S x U — {0,1}*: 5;,,; = next_state(s;,u; ),
Y41 = output(s;,u,, ). For v € U*:

final state(s,v™) € S state after reading v" from s;
output(s,v™) € {0,1}* concatenation of outputs while
reading v, ..., v,,. WLOG all states reachable from s, (via
final state(s,)).

Information lossless (IL) Vu™ # v™
« output(sy, u™) # output(sy, v™);
« final state(sy,u") # final state(sy,v™).

All s € S reachable = (IL < the above holds Vs € S).

Distinct parsing u = w;...w,,

€ U*, at least one:

, w; pairwise distinct.
m’*(u")
m*(u™) < n+ 1 (null + single letters)

m*(u") = o(n)

Y1, - Yo distinet binary: 37 len(y;) > mlog, (=).

(11) IL FSM with s states: £,(u™) > m* log, %.

(12) £z (u™) < m™logy (2m™ |U]).

(13) 2 (0, — £,) < 2 log,(16 |U| s?) = o(1): LZ
asymptotically matches IL FSM; follows from (11) and (12).
=H (LZis

= max m of a distinct parsing.

For a stationary process: lim 2E[¢;,(U™)]
universally optimal asymptotically).

Compressibility of 4> under ¢ : U* — {0, 1}*:

p.(u>®) = lim,, 1 len c¢(u™) (limsup if no limit).
FSM-IL compressibility
Prsv, (u™) = M £SM PCM( u™)

where ¢;;(u™) = output(sgy, u™).
prz < prsy,; follows from (13).
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