
1 Preliminaries

ln 𝑧 ≤ 𝑧 − 1 for 𝑧 > 0, eq. iff 𝑧 = 1.
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Convex set 𝑆: 𝑥, 𝑦 ∈ 𝑆, 𝜆 ∈ [0, 1] ⇒ 𝜆𝑥 + (1 − 𝜆)𝑦 ∈ 𝑆.

Convex f 𝑓 : 𝑆 → ℝ, 𝑆 convex: ∀𝑥, 𝑦 ∈ 𝑆, 𝜆 ∈ [0, 1]
𝑓(𝜆𝑥 + (1 − 𝜆)𝑦) ≤ 𝜆𝑓(𝑥) + (1 − 𝜆)𝑓(𝑦)

strictly convex if < for 𝑥 ≠ 𝑦, 𝜆 ∈ (0, 1).
𝑓  is Concave iff −𝑓  convex.

𝑓 ∈ 𝐶2: convex iff 𝑓″ ≥ 0; 𝑓″ > 0 ⇒ strictly convex.

log strictly concave, 𝑧 log 𝑧 strictly convex on (0, ∞).
Jensen (1) 𝑓  convex ⇒ 𝑓(𝔼[𝑋]) ≤ 𝔼[𝑓(𝑋)] (≥ if 
concave). If strictly convex, eq. iff 𝑋 constant a.s.

2 Source coding

Kleene star 𝒜︀∗: all finite sequences over 𝒜︀, incl. null.

(Bin.) source code 𝑐 : 𝒰︀ → {0, 1}∗, we assume |𝒰︀| > 1.

Injective if 𝑢 ≠ 𝑣 ⇒ 𝑐(𝑢) ≠ 𝑐(𝑣).
Code product (𝑐′ × 𝑐″)(𝑢′, 𝑢″) = 𝑐′(𝑢′)𝑐″(𝑢″)

𝑐𝑛 = 𝑐 × … × 𝑐
𝑐∗(𝑢𝑛) = 𝑐𝑛(𝑢𝑛)∀𝑛

Uniquely decodable (UD) if 𝑐∗ injective.

Prefix-free (PF) if 𝑢 ≠ 𝑣 ⇒ 𝑐(𝑢) is not a prefix of 𝑐(𝑣) 
(instantaneously decodable; codewords are leaves).

PF ⇒ UD (converse false, e.g. {0, 01, 11}). PF ⊂ UD ⊂ Inj.

2.1 KraftSums

(2) 𝐊𝐫𝐚𝐟𝐭𝐒𝐮𝐦(𝒄) = ∑𝑢 2−len 𝑐(𝑢).

(3) If 𝑐 injective ⇒ KS(𝑐) ≤ log2(1 + |𝒰︀|).
KS(𝑐′ × 𝑐″) = KS(𝑐′) KS(𝑐″).
KS(𝑐𝑛) = KS(𝑐)𝑛, which together with (2) and (3) means

(4) 𝑐 UD ⇒ KS(𝑐) ≤ 1
∑𝑢 2−ℓ(𝑢) ≤ 1 ⇒ ∃ PF 𝑐 with len 𝑐(𝑢) = ℓ(𝑢).
By the above and (4), 𝑐 UD ⇒ ∃ PF 𝑐′ with same lengths.

2.2 Expected codeword length

(5) 𝔼[len 𝑐(𝑈)] ≥ 𝐻(𝑈) − log2 KS(𝑐), with equality iff
∃𝑑 > 0 s.t. 𝑝(𝑢) = 𝑑 ⋅ 2−len 𝑐(𝑢). It results that 𝑑 = 1

KS(𝑐) .

𝑐 inj. ⇒ 𝔼[len 𝑐(𝑈)] ≥ 𝐻(𝑈) − log2 log2(1 + |𝒰︀|). This 
follows from (5) and (3).

(6) 𝑐 UD ⇒ 𝔼[len 𝑐(𝑈)] ≥ 𝐻(𝑈), eq. iff 𝑝(𝑢) = 2−len 𝑐(𝑢).

(7) ∃ PF 𝑐: 𝔼[len 𝑐(𝑈)] ≤ 𝐻(𝑈) + 1 (ℓ(𝑢) = ⌈log2
1

𝑝(𝑢)⌉).

∃ PF 𝑐𝑛 on 𝒰︀𝑛: 1
𝑛𝐻(𝑈𝑛) ≤ 1

𝑛𝔼[len] ≤ 1
𝑛𝐻(𝑈𝑛) + 1

𝑛 , by 
(6) and (7) applied to 𝑈𝑛.

𝑐𝑛 inj. ⇒ 1
𝑛𝔼[len] ≥ 1

𝑛𝐻(𝑈𝑛) − 1
𝑛 log2 log2(1 + |𝒰︀|𝑛) (∼

(log2 𝑛)/𝑛).

2.3 Optimal prefix free code

Problem: find integers {ℓ(𝑢), 𝑢 ∈ 𝒰︀} with ∑𝑢 2−ℓ(𝑢) ≤ 1 

minimizing ∑𝑢 𝑝(𝑢)ℓ(𝑢). I.e. find 𝑞(𝑢) ∈ {1, 1
2 , 1

4 , …} 

with ∑𝑢 𝑞(𝑢) ≤ 1 minimizing ∑𝑢 𝑝(𝑢) log2
1

𝑞(𝑢) . Relaxing 

to 𝑞(𝑢) ∈ [0, 1] gives optimum 𝑞 = 𝑝 with value 𝐻(𝑈).
Let 𝑐 be an optimal PF code with lengths ℓ(𝑢). Then:
1. 𝑝(𝑢) > 𝑝(𝑣) ⇒ ℓ(𝑢) ≤ ℓ(𝑣).
2. In the binary tree of 𝑐, each node is either a codeword 

or has exactly 2 children.
3. There are ≥ 2 longest codewords (as |𝒰︀| > 1).

∃ optimal PF code with 2 least likely letters are siblings.

Huffman(𝒰︀, 𝑝) |𝒰︀| = 𝑘 ≥ 2, returns prefix free 𝑐

1 if 𝑘 = 2 then

2 𝑐(𝑢1) ← 0, 𝑐(𝑢2) ← 1
3 return 𝑐
4 find permutation 𝜋 s.t. 𝑝(𝑢𝜋(1)) ≥ … ≥ 𝑝(𝑢𝜋(𝑘))
5 𝑎 ← 𝑢𝜋(𝑘−1),v 𝑏 ← 𝑢𝜋(𝑘), create dummy symbol 𝑤 ∉ 𝒰︀
6 𝒰︀ ′ ← 𝒰︀ ∖ {𝑎, 𝑏} ∪ {𝑤}

7 𝑝′(𝑥) ← {𝑝(𝑥) if 𝑥 ≠ 𝑤
𝑝(𝑎) + 𝑝(𝑏) if 𝑥 = 𝑤

8 𝑐′ ← Huffman(𝒰︀ ′, 𝑝′)

9 𝑐(𝑢) ←
{

𝑐′(𝑢) if 𝑢 ∉ {𝑎, 𝑏}

𝑐′(𝑤) ‖ 0 if 𝑢 = 𝑎
𝑐′(𝑤) ‖ 1 if 𝑢 = 𝑏

10 return 𝑐

Huffman is optimal. Optimal codes aren’t unique (even 
lengths may differ).

3 Information measures

3.1 Entropy

𝐻(𝑈) = ∑𝑢 𝑝(𝑢) log2
1

𝑝(𝑢) , where 0 log 1
0 = 0.

𝐻(𝑈) ≥ 0, eq. iff 𝑈  deterministic.

𝐻(𝑈) ≤ log2|𝒰︀|, eq. iff 𝑈  uniform.

𝐻(𝑈, 𝑉 ) = ∑𝑢,𝑣 𝑝(𝑢, 𝑣) log2
1

𝑝(𝑢,𝑣) .

Log-sum inequality 𝑎𝑖, 𝑏𝑖 ≥ 0, 𝐴 = ∑ 𝑎𝑖, 𝐵 = ∑ 𝑏𝑖:

∑
𝑖

𝑎𝑖 log 𝑎𝑖
𝑏𝑖

≥ 𝐴 log 𝐴
𝐵

eq. iff 𝑎𝑖/𝐴 = 𝑏𝑖/𝐵 ∀𝑖. (0 log 0
𝐵 = 0 if 𝐵 ≠ 0, 𝐴 log 𝐴

0 =
+∞ if 𝐴 ≠ 0, by continuity).

(8) 𝐻(𝑈, 𝑉 ) ≤ 𝐻(𝑈) + 𝐻(𝑉 ), eq. iff 𝑈 ⟂ 𝑉 .

𝐻(𝑉 |𝑈) = ∑𝑢,𝑣 𝑝(𝑢, 𝑣) log2
1

𝑝(𝑣|𝑢) =
∑𝑢 𝑝(𝑢) ∑𝑣 𝑝(𝑣|𝑢) log2

1
𝑝(𝑣|𝑢) = ∑𝑢 𝑝(𝑢)𝐻(𝑉 |𝑈 = 𝑢).

Chain rule (9) 𝐻(𝑈, 𝑉 ) = 𝐻(𝑈) + 𝐻(𝑉 |𝑈)
𝐻(𝑈𝑛) = ∑

𝑖
𝐻(𝑈𝑖 | 𝑈 𝑖−1)

𝐻(𝑉 |𝑈) ≤ 𝐻(𝑉 ), eq. iff 𝑈 ⟂ 𝑉 ; follows from (9) and (8).

𝐼(𝑈; 𝑉 ) = 𝐻(𝑈) + 𝐻(𝑉 ) − 𝐻(𝑈, 𝑉 ) ≥ 0, with equality 
iff 𝑈 ⟂ 𝑉  (from (8)); symmetric quantity.

𝐼(𝑈; 𝑉 ) = 𝐻(𝑉 ) − 𝐻(𝑉 |𝑈) = 𝐻(𝑈) − 𝐻(𝑈|𝑉 ).
𝐼(𝑈; 𝑉 |𝑊) = 𝐻(𝑈|𝑊) − 𝐻(𝑈|𝑉 , 𝑊)

= 𝐻(𝑉 |𝑊) − 𝐻(𝑉 |𝑈, 𝑊).
𝐼(𝑈; 𝑉 |𝑊) ≥ 0, eq. iff 𝑈 ⟂ 𝑉 | 𝑊 .

From the above follows that 𝐻(𝑈|𝑊) ≥ 𝐻(𝑈|𝑊, 𝑉 ).
From (9) follows 𝐼(𝑈𝑛; 𝑉 |𝑊) = ∑𝑖 𝐼(𝑈𝑖; 𝑉 |𝑈 𝑖−1, 𝑊).

Fact: conditioning can increase MI: 𝑋 ⊕ 𝑌 ⊕ 𝑍 = 0 
uniform ⇒ 𝐼(𝑋; 𝑌 ) = 0 < 𝐼(𝑋; 𝑌 |𝑍) = 1.

Data processing inequality 𝑋 − 𝑌 − 𝑍 Markov 
(𝑝(𝑧|𝑥, 𝑦) = 𝑝(𝑧|𝑦)) ⇒ 𝐼(𝑋; 𝑍) ≤ 𝐼(𝑋; 𝑌 ). Pf: 
𝐼(𝑋; 𝑌 , 𝑍) = 𝐼(𝑋; 𝑍) + 𝐼(𝑋; 𝑌 |𝑍) = 𝐼(𝑋; 𝑌 ) +
𝐼(𝑋; 𝑍|𝑌 )⏟

0

, and 𝐼(𝑋; 𝑌 |𝑍) ≥ 0.

Binary entropy ℎ2(𝛼) = 𝛼 log2
1
𝛼 + (1 − 𝛼) log2

1
1−𝛼 ; 

symmetric around 1/2, ℎ2(0) = ℎ2(1) = 0, ℎ2(1/2) = 1, 
ℎ2(0.11) ≈ 1/2, concave.



Let 𝛼 ∈ [0, 1], then
𝐻(𝑝1, …, 𝑝𝑘−1, 𝑝𝑘𝛼, 𝑝𝑘(1 − 𝛼)) = 𝐻(𝑝1, …, 𝑝𝑘) + 𝑝𝑘ℎ2(𝛼)
Simplex 𝒮︀𝑘 = {(𝑥1, …, 𝑥𝑘) ∈ ℝ𝑘 : ∑𝑖 𝑥𝑖 = 1, 𝑥𝑖 ≥
0 ∀𝑖}; convex. With |𝒰︀| = 𝑘, 𝑝𝑈 ∈ 𝒮︀𝑘.

𝐻  is concave on the simplex 𝒮︀𝑘, i.e. ∀𝑝, 𝑞 ∈ 𝒮︀𝑘, 𝜆 ∈ [0, 1]:
𝜆𝐻(𝑝) + (1 − 𝜆)𝐻(𝑞) ≤ 𝐻(𝜆𝑝 + (1 − 𝜆)𝑞)

Let 𝑔(𝑝𝑈 , 𝑝𝑉 |𝑈) = 𝐼(𝑈; 𝑉 ), (𝑈, 𝑉 ) ∼ 𝑝𝑈𝑉 . ∀𝜆 ∈ [0, 1]:
• fixed 𝑝𝑉 |𝑈 , 𝑔(⋅, 𝑝𝑉 |𝑈) is concave

• fixed 𝑝𝑈 , 𝑔(𝑝𝑈 , ⋅) is convex

Entropy rate ℋ︀ = lim𝑛
1
𝑛𝐻(𝑈𝑛) (if exists).

i.i.d. ℋ︀ = 𝐻(𝑈1).
Markov 𝑝(𝑢𝑛 | 𝑢𝑛−1) = 𝑝(𝑢𝑛 | 𝑢𝑛−1); 𝑈1 − 𝑈2 − ….

Stationary (𝑈𝑖+1, …, 𝑈𝑖+𝑛) ∼ 𝑈𝑛 ∀𝑖, 𝑛.

(10) Cesàro mean 𝛼𝑛 → 𝛼 ⇒ 1
𝑛 ∑𝑖≤𝑛 𝛼𝑖 → 𝛼.

Stationary ⇒ ℋ︀ = lim 1
𝑛𝐻(𝑈𝑛) = lim 𝐻(𝑈𝑛 | 𝑈𝑛−1) 

(both exist; latter decreasing). Can be proven with (10).

KL 𝐷(𝑞‖𝑝) = ∑𝑢 𝑞(𝑢) log2
𝑞(𝑢)
𝑝(𝑢) ; not symmetric.

𝐼(𝑈; 𝑉 ) = 𝐷(𝑝𝑈𝑉 ‖ 𝑝𝑈𝑝𝑉 ).
f-div. 𝑓 : ℝ≥0 → ℝ ∪ {+∞} convex, 𝑓(1) = 0, strictly 
convex at 1: 𝐷𝑓(𝑞‖𝑝) = ∑𝑢 𝑝(𝑢)𝑓( 𝑞(𝑢)

𝑝(𝑢)). TV: 𝑓 = |𝑧 − 1|; 
𝜒2: 𝑓 = 𝑧2 − 1.

KL is the f-div. with 𝑓(𝑧) = 𝑧 log2 𝑧.

For any f-divergence 𝐷𝑓(𝑞‖𝑝) ≥ 0, = 0 iff 𝑝 = 𝑞.

4 Universal compression

Suppose optimal code for 𝑞, but true probability is 𝑝: 
𝔼[len] = ∑𝑢 𝑝(𝑢) log2

1
𝑞(𝑢) = 𝐻(𝑝) + 𝐷(𝑝‖𝑞).

Minimax redundancy ℛ︀∗(𝒫︀) = min𝑞 max𝑝∈𝒫︀ 𝐷(𝑝‖𝑞).
Pointwise regret ℛ︀⋆(𝒫︀) = min𝑞 max𝑝∈𝒫︀ max𝑢 log2

𝑝(𝑢)
𝑞(𝑢) .

Clearly ℛ︀⋆ ≥ ℛ︀∗.

𝐒𝐡𝐭𝐚𝐫𝐤𝐨𝐯𝐒𝐮𝐦(𝒫︀) = ∑𝑢 max𝑝∈𝒫︀ 𝑝(𝑢)
ℛ︀⋆(𝒫︀) = log2 SS(𝒫︀), 𝑞∗(𝑢) = max𝑝 𝑝(𝑢)/SS(𝒫︀)
Let 𝒰︀ = {0, 1}𝑛, 𝒫︀𝑛 = {𝑝𝜃 | 𝑝𝜃(𝑢𝑛) = 𝜃𝑘(1 − 𝜃)𝑛−𝑘} the 
class of iid Bernoulli on {0, 1}𝑛, where 𝑘 = ‖𝑢𝑛‖1. Then:

ℛ︀⋆(𝒫︀𝑛) ≤ log2(𝑛 + 1)
Designing a code under 𝑞∗ in this scenario yields:

len 𝑐(𝑢𝑛) − log2
1
𝑝𝜃

(𝑢𝑛) ≤ … ≤ 1 + log2(𝑛 + 1)

It can be shown that (𝑛
𝑘 ) ≤ 2𝑛ℎ2(𝑘/𝑛).

In this scenario, we can define a coding scheme that: sends 
𝑘, then index among (𝑛

𝑘 ): 1
𝑛 len 𝑐(𝑢𝑛) ≤

⌈log2(1 + 𝑛)⌉ + ⌈log2(
𝑛
𝑘

)⌉ ≤ ℎ2(
𝑘
𝑛

) + 2 + log2(𝑛 + 1)
𝑛

4.1 FSM compressors and Lempel-Ziv

Lempel-Ziv(𝒰︀, 𝑢 = 𝑢1𝑢2⋯) assumes 𝑢𝑖 ∈ 𝒰︀

1 𝑖 ← 0, 𝒟︀ ← 𝒰︀
2 loop

3 assign ⌈log2|𝒟︀|⌉ bit representation to each 𝑤 ∈ 𝒟︀
4 find 𝑤 ∈ 𝒟︀ which is the longest prefix of 𝑢𝑖+1𝑢𝑖+2⋯
5 send the binary representation of 𝑤
6 𝒟︀ ← 𝒟︀ ∖ {𝑤} ∪ {𝑤𝛼 | 𝛼 ∈ 𝒰︀}
7 𝑖 ← 𝑖 + length(𝑤)

A FSM compressor has finite states 𝒮︀ , starting state 𝑠0. If 
we are in state 𝑠 ∈ 𝒮︀ and read letter 𝑢 ∈ 𝒰︀ , next-state 
function 𝚗𝚎𝚡𝚝_𝚜𝚝𝚊𝚝𝚎 : 𝒮︀ × 𝒰︀ → 𝒮︀ , and output function 
𝚘𝚞𝚝𝚙𝚞𝚝 : 𝒮︀ × 𝒰︀ → {0, 1}∗: 𝑠𝑖+1 = 𝚗𝚎𝚡𝚝_𝚜𝚝𝚊𝚝𝚎(𝑠𝑖, 𝑢𝑖+1), 
𝑦𝑖+1 = 𝚘𝚞𝚝𝚙𝚞𝚝(𝑠𝑖, 𝑢𝑖+1). For 𝑣𝑛 ∈ 𝒰︀∗: 
𝚏𝚒𝚗𝚊𝚕_𝚜𝚝𝚊𝚝𝚎(𝑠, 𝑣𝑛) ∈ 𝒮︀ state after reading 𝑣𝑛 from 𝑠; 
𝚘𝚞𝚝𝚙𝚞𝚝(𝑠, 𝑣𝑛) ∈ {0, 1}∗ concatenation of outputs while 
reading 𝑣1, …, 𝑣𝑛. WLOG all states reachable from 𝑠0 (via 
𝚏𝚒𝚗𝚊𝚕_𝚜𝚝𝚊𝚝𝚎(𝑠0, ⋅)).
Information lossless (IL) ∀𝑢𝑛 ≠ 𝑣𝑚 ∈ 𝒰︀∗, at least one:
• 𝚘𝚞𝚝𝚙𝚞𝚝(𝑠0, 𝑢𝑛) ≠ 𝚘𝚞𝚝𝚙𝚞𝚝(𝑠0, 𝑣𝑚);
• 𝚏𝚒𝚗𝚊𝚕_𝚜𝚝𝚊𝚝𝚎(𝑠0, 𝑢𝑛) ≠ 𝚏𝚒𝚗𝚊𝚕_𝚜𝚝𝚊𝚝𝚎(𝑠0, 𝑣𝑚).
All 𝑠 ∈ 𝒮︀ reachable ⇒ (IL ⇔ the above holds ∀𝑠 ∈ 𝒮︀).

Distinct parsing 𝑢 = 𝑤1…𝑤𝑚, 𝑤𝑖 pairwise distinct.

𝑚∗(𝑢𝑛) = max 𝑚 of a distinct parsing.

𝑚∗(𝑢𝑛) ≤ 𝑛 + 1 (null + single letters)

𝑚∗(𝑢𝑛) = 𝑜(𝑛)
𝑦1, …, 𝑦𝑚 distinct binary: ∑𝑖 len(𝑦𝑖) ≥ 𝑚 log2(𝑚

8 ).

(11) IL FSM with 𝑠 states: ℓ𝑠(𝑢𝑛) ≥ 𝑚∗ log2
𝑚∗

8𝑠2 .

(12) ℓLZ(𝑢𝑛) ≤ 𝑚∗ log2(2𝑚∗ |𝒰︀|).
(13) 1

𝑛(ℓLZ − ℓ𝑠) ≤ 𝑚∗

𝑛 log2(16 |𝒰︀| 𝑠2) = 𝑜(1): LZ 
asymptotically matches IL FSM; follows from (11) and (12).

For a stationary process: lim 1
𝑛𝔼[ℓLZ(𝑈𝑛)] = ℋ︀ (LZ is 

universally optimal asymptotically).

Compressibility of 𝑢∞ under 𝑐 : 𝒰︀∗ → {0, 1}∗: 
𝜌𝑐(𝑢∞) = lim𝑛

1
𝑛 len 𝑐(𝑢𝑛) (limsup if no limit).

FSM-IL compressibility
𝜌FSM-IL(𝑢∞) = inf

𝑀 IL FSM
𝜌𝑐𝑀

(𝑢∞)

where 𝑐𝑀(𝑢𝑛) = 𝚘𝚞𝚝𝚙𝚞𝚝(𝑠0, 𝑢𝑛).
𝜌LZ ≤ 𝜌FSM-IL; follows from (13).
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